In a recent study 1 it was shown that the ratio of the flow rates of the produced fluids in an immiscible displacement can be used to identify geometrical and petrophysical characteristics of a reservoir. In this paper we develop an extended version of this approach and apply it to displacements in 1-D laboratory cores. Because of the possible importance of capillary effects, we pay attention to the capillary end effect at the outlet and to late times.
Introduction
Relative permeabilities are important functions for the modeling and prediction of the recovery of fluids from porous media. They express integrated information on the pore structure topology and geometry and on the pore occupancy by the corresponding fluids. Of particular interest is their dependence near the end-point saturations (corresponding to residual or trapped fluids), where a power-law behavior is expected. Sensitivity studies using numerical simulation have shown that this behavior has the most important effect on recovery rates. Reflecting the same fact, most of the empirical models used (e.g. Corey, see Bear 2 ) contain a power law in the residual saturation region. From theoretical considerations, this power-law dependence reflects two different mechanisms, the trapping of a disconnected non-wetting phase, where film flow is absent, in the case of imbibition, and the continuous drainage of a wetting phase, through film flow, in the case of drainage. In the latter case, the residual saturation is theoretically zero.
The experimental determination of the relative permeability functions, including their behavior near the trapped saturation, is usually done using steady-or unsteady-state displacements. The well-known JBN technique 3 provides information on the relative permeabilities in the saturation region after breakthrough of the injected fluid. It is based on an analysis of fluid rate production data and of the pressure drop across the sample, using the classical Buckley-Leverett equation 4 in which capillarity is neglected. In general, the method is most accurate away from trapped saturations, where relative permeabilities are not too small.
An alternative for determining the exponent of the power law dependence near residual saturations is to consider the behavior at late times. In a recent study 1 , we showed that for displacements in porous media and various injection patterns, the variation of the ratio of the produced flow rates as a function of time can be used to identify certain geometrical and petrophysical characteristics of the medium. In particular, for a 1-D displacement this ratio can be used to estimate the relative permeability exponents. The objective of this paper is to evaluate the potential of such a method as a diagnostic tool for displacements in laboratory cores. For this purpose we will assess the conditions for which the approach of Ref. [1] is applicable, provide a suitable extension and subsequently apply to experimental data in gas-liquid displacements.
Deriving an expression for the time dependence of the ratio of the produced fluids is straightforward in the absence of capillary effects. Capillarity will affect saturation profiles, and possibly flow rates, in places where the permeability varies
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Determining Relative Permeability Exponents Near the Residual Saturation Catherine Laroche, Institut Français du Pétrole, Min Chen, University of Southern California, Yanis C. Yortsos, University of Southern California, and Jairam Kamath, Chevron Petroleum Technology Company with position. A most extreme, but routine, example of capillary heterogeneity is at the ends of the core sample, where the permeability contrast gives rise to well known end effects. To assess the effect of capillarity we will consider the influence of end effects, other effects of capillary heterogeneity, and late-time regimes, where capillarity may be important, even at high rates of displacement. For this purpose, boundary-layer analyses and late-time asymptotics will be provided. These will be verified using analytical solutions of the full problem based on a simple model that follows Burgers' equation 5 . The latter is one among a few nonlinear equations of the second order, which are exactly solvable 6 . The results will be applied to obtain relative permeability exponents from a set of gas-liquid displacements.
The paper is organized as follows: We first provide the basic theoretical results for the dependence of the ratio of the produced fluids as a function of time in homogeneous media and under viscous control. Then, we provide results for the dependence for late-time regimes, where capillarity may be significant. These are verified analytically, by constructing solutions of a model problem based on Burgers' equation. Experiments are then reported involving the displacement of various liquids (brine, methanol and toluene) with methane at high rates. The exponents obtained are interpreted using pore scale models, which allow inferring possible flow mechanisms near the residual saturation. This paper is a short version of a longer paper 7 , which should be consulted for various mathematical details, which are omitted here.
Theory
The mathematical derivation is developed in Ref. [7] . Here, we will only highlight the key results obtained. The analysis is based on the equation describing 1-D, horizontal, immiscible 2-phase flow in homogeneous porous media, which in dimensionless notation reads as follows
where u is the normalized saturation of the displacing phase, and where we have introduced the following:
and where M is the viscosity ratio. The solution of the above equation under constant injection rate boundary conditions, was considered in the two different limits, first of viscous control and then of capillary control, respectively.
Viscous Control, ε << 1
In the case of viscous control, ε <<1, capillarity is negligible, and equation (1) 
The variation of the produced flow rate ratio with time has been used originally by Welge 8 in laboratory displacements, by Omoregie and Ershaghi 9 (X-plot method) for field analysis, and by Yortsos et al. 1 , as a diagnostic tool in waterfloods. At large times, where the saturation at the outlet ) 0 ( L u is sufficiently large for equation (3) to apply, we obtain from (6) 
This equation states that under conditions of viscous control and at sufficiently large times, a log-log plot of
− is a straight line with slope b . By definition, this slope b must be greater than one.
The prediction of (7) by an earlier-time regime in which X-plot conditions 9 apply, and in which a constant ordinate is expected (region near the vertical slope).
The above apply in the absence of capillary effects. The latter enter near the boundaries, in the form of end-effects, at intermediate times, but they also influence the late-time approach to a steady-state.
Capillary effects at intermediate times
Outlet-end effects have been discussed by many authors before. In Ref. [7] we present asymptotic results and a boundary-layer analysis to capture the large change of the saturation near the outlet. However, it can be shown that even though the saturation profile undergoes a significant change near the outlet, the fluid rates remain continuous across the thin boundary layer. Hence, in this limit, expression (7) still gives at leading-order the correct expressions for the flow ratio at the outlet for some period after breakthrough. Capillarity is expected to affect the eventual approach to a steady-state, at a later time, however, as shown below.
Capillary effects at late times
In the large-time limit, t ε >>1, variable u approaches a steady state u . In the case of drainage, the steady state is a function of x, obtained from the solution of
Our interest here is on the rate of approach to this asymptotic state. One can show that for the case of constant capillary In theory, therefore, a capillary control segment, with slope 1 or (b+n) is expected to follow the straight-line segment corresponding to viscous control, which has slope b >1. For the two segments to be clearly distinguished requires sufficiently small ε , so that the late-time regime where capillarity is important, t ε >>1, does not overlap with the viscous control regime after breakthrough, where t is large, but not too large, for equation (3) to apply. An analytical example illustrating these regimes is provided below.
Exact Solution for a Model Case
It was shown above that the flow rate ratio has a different behavior depending on whether the problem is viscous-or capillary-controlled. To verify these limits, we will use an exact result for a model case in a homogeneous medium, including end effects, based on Burgers' equation. 5 This involves the quadratic fractional flow function
which corresponds to a power-law near the trapping threshold ( u~1) with exponent 2 = b . In Ref. [7] we derive an analytical solution of this problem, for both drainage and imbibition. For the case of drainage, we find the following result 
values of ε is shown in Figure 2 . At small values of ε the plot has the main features of the viscous solution (BuckleyLeverett, B-L, curve), provided that time is not too large. At early times, before breakthrough, the curve has a negative slope. For sufficiently small times after breakthrough the Xplot regime 9 sets in, and the curve approaches a vertical slope. The regime of the power-law approach to the trapped saturation is the straight-line segment that follows, with slope 2 = b . This regime is quite apparent for sufficiently small ε ( ε <0.1 in Figure 2 ), although its extent decreases with increasing ε . At larger times, the curve changes slope, reflecting the onset of the exponential decay regime. According to the asymptotic theory, in this region the plot should be a straight line with a slope equal to unity. Figure 2 shows that this capillary regime with unit slope is indeed approached at sufficiently large times.
As ε increases, the curves in Figure 2 retain the linear character of the viscous solution, but in progressively smaller intervals. In fact, above 1 . 0 ≈ ε , the capillary regime overlaps the viscous regime, and it is difficult to discern the existence of the latter. For ε >10, all curves practically coincide to a single, capillary-controlled curve.
Procedure to Determine the Relative Permeability Exponent Near the Residual Saturation
The above theory suggests that for sufficiently small values of the capillary parameter ε , corresponding to sufficiently high rates, a plot of the effluent flow rate ratio in the form
will give a straight-line segment with a slope greater than one. This is equal to the exponent of the power-law approach of the relative permeability of the displaced phase to its trapped saturation. This segment is followed by a subsequent with slope equal to one (or with a slope greater than one, in the hypodiffusive case), where capillarity dominates. The above behavior is valid regardless of whether the displacement is imbibition or drainage.
Experiment
The theoretical predictions were subsequently used to analyze laboratory experiments. The experiments consisted of a series of room-temperature methane floods of a core sample containing various liquids (brine, brine/methanol mixture and toluene). Humid methane was injected from the top, while maintaining a constant pressure drop of 10 psi. The core sample consisted of a preserved, composite (3 plugs) sandstone with porosity 0.16, permeability 14 md, length 16 cm and pore volume of 30 cc. The measured data consisted of the gas flow rate, the volume of gas injected, the flow rate of the liquid expelled, and the change in the weight of the core at the end of each flood. Since the injection rate was variable, the value of ε was estimated at the later times of the displacement, where gas is the main flowing phase. For γ =50 mN/m, and a viscosity ratio 100 ≈ M , equation (4) 
for various different experiments, where methane displaces respectively, methanol (MeOH), toluene, brine (KCl), a 1:1 mixture of brine and methanol, and a 3:1 mixture of brine and methanol. All these plots should be compared to the small ε curves in the corresponding figure for the Burgers' model, Figure 2 . We note similar features in all the experimental results. The curves consist of a segment with a negative slope, at early times, followed by a segment with an almost vertical slope, which then becomes a straight line with a slope greater than one, and eventually approaches at large times a segment with slope close to unity. Guided by the previous theory, we identify these regimes as corresponding to a regime before breakthrough, the X-plot regime, the regime of the power-law dependence near the trapped saturation and the capillary regime, respectively.
The segment with the power-law behavior can be identified well in most of the experiments but not as well in the displacement of brine (Figure 3c ). The methanol, toluene and KCL-MeOH data (Figures 3a, 3b , 3d and 3e) show welldefined power-law regions in the viscous control regime. However, the region of applicability of the power-law decreases in this sequence, due to the increase of ε (increase of the interfacial tension) and the increasing overlap with the capillary regime (compare also with Figure 2 ). The experiment involving the displacement of brine (Figure 3c ) has the least well-defined power-law region, which is also consistent with the high interfacial tension (72 dyn/cm) for this system. In all experiments, the capillary regime has a slope close to unity, the exponent varying in the range 1.18-1.20 for MeOH and toluene and in the range 1.02-1.05 for the brine solution. It is suggesting either a constant dispersivity (for the latter case) or a weakly-hypodiffusive case (for the former). Recall, that the first case predicts a slope equal to one, but it is also subject to logarithmic corrections, which are not negligible in this time regime, thus may indicate a slope slightly different than one. The second predicts a slope greater than one (and equal to 1.5 in the case of a Euclidean (not fractal) surface, according to de Gennes' theory 10 , see also below).
Discussion
In order to interpret theoretically the experimental results, we must provide first a brief review of the existing theories. If we were to assume that the displaced phase cannot escape (which is strictly speaking the case with imbibition), then the (capillary) trapping of the displaced phase can be described by percolation theory and its extensions, such as invasion percolation 11 and gradient percolation 12 . Percolation theory predicts that the approach of various functions to the trapped saturation satisfies a power law with universal exponents, independent of the local pore structure. For example, Wilkinson 13 showed that the relative permeability of the The above applies under the assumption that the displaced phase cannot escape, thus it becomes trapped by capillary forces. However, if the displaced phase is wetting, it can escape through film flow. Now drainage of the wetting phase continues, albeit at low rates. Film flow occurs either in the form of thick films and corner (or pocket) flows or through continuous thin films. The residual saturation will ultimately vanish, and the exponent of the relative permeability curve would be different. Theoretical results for the dependence of the relative permeability of the wetting phase under conditions of film flow were obtained by de Gennes 10 , Novy et al. 14 and Toledo et al. 15 In the thick-film flow regime, de Gennes' theory of pocket flow over a weakly fractal pore-surface predicts an exponent of the form
where D is the fractal dimension of the pore surface. Comparing our experiments with the percolation results of Wilkinson 13 , equations (40) and (41), which predict an exponent of the order of 1.38 for 3-D, clearly shows that the operating mechanism in the experiments cannot be trapping in the absence of film flow. Instead, it is apparent that the process is drainage, which continues, albeit at slow rates, through the action of film flow. The experimental values of the exponents are consistent with the theory of de Gennes higher). Thus, we are led to the conclusion that the displacement in the experiments reported is a drainage process, where following the trapping of the displaced phase, drainage continues, albeit at slow rates, through corner and pocket flow. The exponent of the relative permeability obtained, of the order of 3-4, is consistent with de Gennes' theory, with flow occurring over a weakly fractal pore surface.
At the same time, we cannot exclude the possibility of trapping due to heterogeneity or viscous fingering, the slow drainage around which may contribute to analogous exponents. What appears to be certain is that thin film flow did not contribute to the observed behavior in this regime. This is consistent with two facts: that the exponents are much smaller than what would be expected if thin films dominated (order of 6 and higher), and that they appear to be weakly dependent on the chemistry of the displaced fluid, which rules out disjoining pressure effects.
Conclusions
We have developed an asymptotic method to infer the relative permeability exponent of the displaced phase near its residual saturation using data from laboratory corefloods. We showed that at sufficiently large injection rates, the existence of a power law can be detected, and its exponent inferred, by plotting in an appropriate plot the ratio of the flow rates of the two fluids at the effluent for some time after breakthrough. In this time interval, the plot is a straight line with a slope equal to the exponent in the relative permeability power law. Capillary end effects do not affect the results to leading order at high rates. However, at sufficiently large times, capillarity becomes important. In such a plot, it is manifested by a straight line with a slope equal to one, if the capillary dispersivity is constant, or greater than one, if the process is hypodiffusive. The theoretical findings were verified by comparison with an exact solution. Application of the results to laboratory displacements of various liquids by methane resulted in exponents for the relative permeability of the wetting phase which were consistent with pore-scale models of corner (or pocket) film flow.
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